Conical inclusions in a lipid bilayer generate an overall spontaneous curvature of the membrane that depends on concentration and geometry of the inclusions. Examples are integral and attached membrane proteins, viruses, and lipid domains. We propose an analytical model to study budding and vesiculation of the lipid bilayer membrane, which is based on the membrane bending energy and the translational entropy of the inclusions. If the inclusions are placed on a membrane with similar curvature radius, their repulsive membrane-mediated interaction is screened. Therefore, for high inclusion density the inclusions aggregate, induce bud formation and finally vesiculation. Already with the bending energy alone our model allows the prediction of bud radii. However, in case the inclusions induce a single large vesicle to split into two smaller vesicles, bending energy alone predicts that the smaller vesicles have different sizes whereas the translational entropy favors the formation of equal-sized vesicles. Our results agree well with those of recent computer simulations.
I. INTRODUCTION
Cell membranes contain large amounts of proteins within or attached to the lipid bilayer [1] . The distribution of the proteins is not necessarily homogeneous, which can have important functional consequences. For example, proteins with an intrinsic curvature couple to the bilayer conformation [2, 3, 4, 5, 6, 7, 8] ; on the one hand, such proteins are preferably found on similarly curved parts of the membrane [9] , on the other hand, the proteins deform the membrane locally [10, 11] . Asymmetric, curved proteins can regulate the polymerization of the three-dimensional cytoskeleton of the cell [12] and control intracellular transport via endocytosis [13, 14] . Virus endocytosis can occur via the same mechanism [15, 16] . The conical inclusions in our model mimick asymmetric proteins within the bilayer [7] , proteins or polymers attached to the bilayer [4, 17, 18] , curved lipid domains [19, 20, 21, 22] , and viruses that bind to the membrane [15] .
The interaction between the inclusions in a lipid bilayer is mediated by membrane deformations and thermal undulations [23, 24] , in addition to surface tension [2] and possible direct interactions that we do not consider in this paper. The deformation-induced, pairwise interaction of curved inclusions occurs in the absence of thermal membrane undulations and is usually repulsive [25, 26] ; in a planar membrane it is long-range [25, 26, 27] . However, the interactions can be strongly screened if the average curvature of the membrane and the protein curvature are similar [28, 29, 30] . One obvious example for strongly screened interactions are inclusions that are placed on a vesicle with similar curvature radius [30] . Screening can also be achieved by many-body interaction in clusters of inclusions [29, 31] . At finite temperature, Casimir-like interactions due to membrane undulations generate attraction [25, 26, 32, 33, 34, 35] .
Curvature generation by inclusions and induced budding in lipid bilayer membranes has been reported in many experimental studies of biological and biomimetic systems [7, 11, 13, 14, 18] . Computer simulations allow to study the membrane-mediated interaction between the inclusions in detail without the presence of other, direct interactions. Recently, bud formation by curved inclusions has been investigated with computer simulations [36, 37] . It was found that the inclusions on the buds have a higher density than they had in the initially nearly flat membrane [36] . This might appear to be a result of undulation-induced attraction that in consequence leads to clustering of the inclusions and to budding.
Such systems and processes can be studied theoretically on the basis of an elastic membrane that is characterized by its bending rigidity, κ, and Gaussian saddle splay modulus,κ, with curved inclusions that consist of sections of a sphere with a given opening angle. We demonstrate that bud formation can already be well understood on the basis of the membrane deformation alone. We show that the higher inclusion density on the bud is a result of a screened repulsive interaction. We further argue that the budding pathway plays an important role for bud size. This allows us to predict a range of possible bud radii for a given system, which nicely agrees with recent simulation results [36] .
At finite temperature, the inclusions can exist in a fluid and in a crystalline phase, which depends on the strength of their repulsive interaction. We construct an approximate free-energy functional that takes into account for the bending energy as well as the translational entropy of the inclusions. We calculate a phase diagram for the fission of a single vesicle of given size and for given number and geometry of the inclusions. The inclusion entropy plays a decisive role for the sizes of the smaller vesicles into which a larger vesicle may split.
II. MEMBRANE BENDING ENERGY

A. Membrane shape near inclusions in a lipid bilayer
The bending energy E of a lipid bilayer is given by the integral over the entire membrane area,
where κ is the bending rigidity,κ is the saddle-splay modulus, H = (c 1 + c 2 )/2 is the mean curvature, K = c 1 c 2 is the Gaussian curvature, and c 1 and c 2 are the principal curvatures at each point of the membrane. The integral over the Gaussian curvature is determined by the topology of the membrane and by the geodesic curvature at the boundary. In our case, the geodesic curvature is given by the geometry of the inclusions, so that in general this term of the integral over the membrane shape does not need to be calculated explicitly. For bud formation, we neglect the constant contribution of the Gaussian saddle splay modulus. In order to minimize the bending energy, the inclusions preferably order on a hexagonal lattice ( Fig. 1 (a) ); therefore it is a natural assumption that the symmetry axis is oriented normal to the local tangent plane of the vesicle on which the inclusions are placed. To calculate the deformation energy, we approximate the hexagons with overlapping circles that have the same projected area ( Fig. 1 (b) ).
If there are no overhangs, the membrane conformation can be described in Monge parametrization by a height field, h(x, y), over a planar reference surface. For an almost planar membrane, the bending energy of the membrane is
with dA the integral over the reference plane. Minimization of the bending energy gives the biharmonic Euler-Lagrange equation,
In cylindrical coordinates, the general solution of Eq. (3) is
with the four integration constants C 1 to C 4 [38] . The boundary conditions that are imposed on the membrane are sketched in Fig. 2 . The radius of the inner boundary, ρ i = r i sin(α), and the slope of the membrane at the inner boundary, h ′ (ρ i ) ≡ a = − tan(α), are determined by the inclusion geometry. For n ≈ 4πR 2 σ inclusions on a vesicle with radius R and surface number density σ of the inclusions, the radius of the outer boundary is ρ o ≈ R sin(β) with β = arccos((n − 2)/n); the slope of the membrane at the outer boundary is
For inclusions on a planar membrane, the latter expressions simplify to ρ o ≈ 1/(πσ) (1/2) and b = 0. The remaining two boundary conditions are given by fixing the membrane height at the inner (or equivalently at the outer) boundary and minimizing the energy with respect to the height of the inclusion above the vesicle (i. e. the height difference between both boundaries), which implies h(ρ i ) = 0 at the inclusion and ∂ ρ ∆h(ρ)| ρo = 0 at the outer boundary.
Eq. (4) together with the boundary conditions gives the shape of the deformation,
and the corresponding bending-energy cost,
FIG. 2: (Color online) Curved inclusion (red) and resulting membrane deformation (blue). The inclusion geometry is characterized by the curvature radius, ri, the opening angle, α, and the projected inclusion radius, ρi = ri sin(α). The size of the corresponding membrane patch is ρo, the slope of the membrane at the inclusion is a = − tan(α), and the slope of the membrane at the outer boundary is b (b = 0 for inclusions on a planar membrane).
The energy a function of ρ o and b, which depend on the inclusion density, while all other quantities are intrinsic properties of membrane and inclusions. For a single inclusion in an infinite planar membrane, b = 0 and ρ o → ∞, the bending energy vanishes and the membrane deformation is catenoid-like, h(ρ) = aρ i ln(ρ/ρ i ). Note that in a pairwise approximation, the interaction energy for two inclusions in a planar membrane (b = 0) decays like d −2 for large distances between the inclusions (large
B. Optimal, low, and high inclusion density For inclusions on a vesicle, the membrane shape and the minimal bending energy (assuming that the inclusions have maximal mutual distances) can be calculated using Eqs. (5) and (6) . For bρ o = aρ i , the membrane around the inclusion has almost catenoid shape [40] ; the catenoid is a minimal surface without bendingenergy cost. If the entire vesicle is covered with inclusions and catenoids such that the bending energy is zero ( Fig. 3 (b) ), the inclusions have optimal density.
For lower inclusion densities, in a first approximation the catenoid shape borders on a spherical shape with the curvature radius of the vesicle. The bending energy of a vesicle that is decorated with curved inclusions is reduced by the fraction of the sphere's surface area that is covered by the inclusions and the catenoid-shaped membrane segments, see Fig. 3 . Therefore for low inclusion density, the bending energy of the decorated spherical vesicle is in the range 0 < E < 8πκ. In the full solution, which is given by Eq. (5) and will be used in the remainder of the paper, there is no jump in the mean curvature from H = 0 to H = 1/R between the catenoid and a sphere as sketched in Fig. 3 but rather a smooth transition from zero to finite mean curvature. For inclusion densities that are higher than the optimal density, due to the boundary conditions no solution can be constructed by matching of catenoids. In this case, the bending energy always has a finite value that can exceed the bending energy of a bare vesicle.
The minimal bending energy of a vesicle with inclusions is shown in Fig. 4 as function of the number of inclusions, n, and the vesicle radius, R. We find degenerate zero-energy ground states that have optimal inclusion density with an approximately linear dependence R(n), where [41] 
The natural spontaneous curvature of the bilayer for given inclusion density and geometry is c 0 = 1/R 0 ≈ πσ|a|ρ i . The same value for the inclusion density can be high, optimal, or low, depending on the radius of the vesicle on which the inclusions are placed. The smaller the radius of the vesicle, the larger the value of the optimal density. In a planar membrane, the slopes of two adjacent catenoid-like deformations cannot be matched for any finite distance between the inclusions. Therefore the inclusions are always in the high-density regime in this case. There is a region of low inclusion density at large R with 0 < E < 8πκ, which is delineated by a line of zero-energy ground states from a region of high inclusion density at small R, where also bending energies E > 8πκ can be found. (The high energies that are cut off at small n and large R mark the breakdown of the small-curvature expansion of the bending energy.)
C. Budding and vesiculation
Bud formation does not occur for a vesicle with low inclusion density and bending energy, 0 < E < 8πκ, because this would lead to an increase of the total bending energy [42] . However, for high inclusion density (n > ∼ 4R/(|a|ρ i ), see Eq. (7)), the system can always reach a state of lower bending energy if small vesicles bud from the main vesicle. The set of smaller vesicles into which a large vesicle with high inclusion density splits up is not uniquely determined from bending energy alone, because the states of vanishing bending energy are degenerate. A natural assumption is that the vesicle will split into one large 'mother' vesicle and one or more small 'daughter' vesicle(s) of equal size, such that the total bending energy vanishes and the membrane area is kept constant. In Fig. 5 , we show the radii of the mother and daughter vesicles as function of the number of inclusions. For a given number of n v − 1 daughter vesicles, there is a maximal number of inclusions n max = n 1/2 v wR (w = 4/(|a|ρ i )) that still allows to obtain a zero energy state, for which mother and daughter vesicles have equal sizes.
If the system can split up into n v smaller vesicles, it can also split up into a larger number of small vesicles [43] . For a vesicle with total number of inclusions n = n + + (n v − 1)n − and radius
1/2 , bending energy minimization predicts for the radii and inclusion number on mother (R + , n + ) and daughter (R − , Fig. 4 are used. For 100 inclusions, the initial vesicle has vanishing bending energy. For more than 100 inclusions, the sizes of mother and daughter vesicles are plotted. The upper branch always gives the radius of the mother vesicle, the lower branch is the size of the daughter vesicles. For a fixed number nv − 1 of daughter vesicles (as indicated), there is a maximum number of inclusions that allows the formation of a state with vanishing bending energy (for which mother and daughter vesicles have equal sizes; filled circles). n − ) vesicles:
Because of the degeneracy of the states with vanishing bending energy, thermal fluctuations and the budding pathway play a decisive role to determine how a large vesicle with high inclusion density splits up into smaller vesicles. Note that the results of our analytical model so far do not depend on the value of the bending rigidity of the bilayer.
D. Inclusion clusters
A direct attractive interaction between inclusions can induce cluster formation [44] . In this case, the preferred curvature radius, R 0 , not only depends on the number and geometry of the inclusions, but also on cluster size. For given inclusion curvature radius r i , opening angle α 0 , and fixed density σ 0 , inclusion clusters with a larger opening angle α and reduced density, σ = (1 − cos α 0 )/(1 − cos α) σ 0 , have a stronger effect on the curvature of the membrane than homogeneously distributed inclusions. The preferred curvature radius for clusters with opening angle α is
. We call the normalized curvature radius f (α) the coagulation factor, because it multiplies the curvature radius for the reference
The coagulation factor, f (α) = R(α)πriσ0, describes the dependence of the optimal vesicle radius, R0, on the degree of aggregation of the inclusions in the membrane. The total inclusion area is kept constant and the reference density σ0 corresponds to α0 = 0.1 π.
inclusion density and opening angle α 0 [45, 46] , see Fig. 6 .
For a fixed number n 0 of inclusions, the preferred curvature radius decreases when aggregates are formed, i. e. the efficiency with which the inclusions influence the membrane curvature increases. Cluster formation therefore also shifts the high-density regime to smaller numbers of inclusions for the same vesicle radius, n 0 > ∼ f (α) 4R/r i , and may cause a large vesicle to break up into smaller vesicles.
III. THERMAL FLUCTUATIONS
For finite temperature, the translational entropy of the inclusions contributes to the free energy. We distinguish a crystalline hexagonal phase and a disordered fluid phase for which we construct free energy functionals. Phase diagrams have been calculated more rigorously in Ref. [47] in the limiting case of an almost planar membrane and for inclusions that are slightly stiffer than the membrane and weakly curved -but not in the context of budding.
We neglect the interaction between inclusions by thermal membrane undulations. For a pair of inclusions and an arbitrary orientation of the inclusion axis, to lowest order of ρ
2 the deformation energy is [25, 26, 27, 48 ]
and the undulation-induced interaction energy [25, 34, 35, 49 ]
The ratio of the membrane deformation-induced repulsion to the undulation-induced attration in a planar membrane is 4πκα 2 /(3k B T ). The undulation-induced attraction can be neglected if it is one order of magnitude smaller than the deformation interaction; for κ = 10 k B T this is the case for α > ∼ 0.5, for κ = 20 k B T already for α > ∼ 0.35. For low inclusion densities, the undulationinduced interaction energy decays with the square of the density while the free energy due to the inclusion entropy is of the order of k B T ; in case of the phase diagrams in Fig. 11 , the undulation free energy is about 10 −4 k B T .
A. Inclusion effective pair potential and effective hard-disc radius
For inclusions on a hexagonal lattice, each inclusion corresponds to three pair interactions and a radius of the deformation patch, ρ o , that is half the distance between the inclusions. The effective pair potential, obtained from Eq. (6), is thus
For
To determine the free energy of this system, we employ the method developed for suspensions of repulsive colloids [50] , i. e. we mimic the interaction potential by hard discs with an effective radius, r hd . The radius is calculated from a comparison of the membrane deformation energy with the thermal energy, k B T . We use a modified Barker-Henderson method that is appropriate for soft potentials [46, 50] ,
where the upper integral boundary is determined by u(2ρ u ) = k B T [51, 52] . The effective hard-disc radii therefore depend on the geometry of the inclusion, the bending rigidity of the membrane, and on the radius of the vesicle on which the inclusions are placed.
In Fig. 7 , the effective hard-disc radii, r hd , are plotted for inclusions with various opening angles as function of the vesicle radius, R (an extremely large radius R = 100 µm of the vesicle is used to describe inclusions in planar membranes). The hard disc radii increase with increasing vesicle radius; the increase of r hd with R is the stronger, the larger the opening angle α of the inclusion is. For example, the inclusions with r i = 5.5 nm and α = 0.4 π can approach each other by diffusion about an order of magnitude closer on a vesicle with radius R = 10 nm than this is possible on a planar membrane. Consequently, the translational entropy of the inclusions lowers the free energy on the vesicle compared with the planar membrane.
As discussed in Sec. II D, cluster formation of inclusions increases their effect on the membrane curvature. Fig. 6 ). The inclusions are placed on vesicles with κ = 12 kBT and various radii R = 0.1 µm (dotted), R = 1 µm (short-dashed), R = 10 µm (long-dashed), and R = 100 µm (solid). For comparison, the area fraction of effective hard discs is also shown for κ = 1 kBT and R = 100 µm (dashed-dotted).
The effect of cluster formation on the area fraction of effective hard discs is plotted in Fig. 8 . For κ = 12 k B T , which is a typical value for a lipid bilayer, clustering on vesicles with large radii, R, strongly increases the area fraction of the effective hard discs. To illustrate the strong effect of the bending rigidity on the effective harddisc radius, which enters the calculation of the radius via the exponential function in Eq. (12), we plot the effective hard disc radii for κ = 1 k B T ; the increase of the area fraction of the hard discs with α is much smaller than for κ = 12 k B T . Thus the translational entropy of the inclusions plays a much more important role for smaller κ [53] .
B. Inclusion entropy and free energy of hard discs
The free energy of a fluid of hard discs can be very well described by the Carnahan-Starling free energy [54, 55] . It is the sum of the ideal-gas free energy, F id /n ≈ k B T log(σΛ 2 ), where Λ is the thermal wavelength (see e. g. Ref. [56] ), and the excess free energy F CS [57] . The latter is calculated from the Carnahan-Starling equation of state [55] ,
with the hard-disc area fraction, y = σπr 
(14) The Carnahan-Starling excess free energy diverges at the crystallization transition of the effective hard discs.
Because in the fluid as well as in the crystalline phase of the inclusions the squared thermal wavelength enters through the same constant and additive term, we consistently replace it in both cases -without loss of information -by the projected area of the inclusion, πρ
Usually the translational entropy favors a homogeneous distribution of particles. However, because the effective hard-disc radius depends on the membrane curvature, on a deformable membrane, a homogeneous distribution of inclusion does not need to be the most favourable state. Instead, the inclusion density on the bud can be higher than on the mother vesicle because of the screened repulsive interactions. Fig. 9 shows the free energies of a fluid of effective hard discs with curvature radius r i = 5.5 nm for various opening angles in a lipid bilayer with κ = 12 k B T . For nearly identical curvature radii of vesicle and inclusions, the effective hard-disc radius almost coincides with the geometric hard-disc radius of the inclusion.
FIG. 9:
Carnahan-Starling free energy of hard discs as function of the inclusion area fraction. The system is depicted in the inset with periodic boundary conditions. We plot the free energy for discs with the geometrical projected radii of the inclusions, r hd = ρi = ri sin α (solid line), as well as the free energies for effective hard discs for inclusions with curvature radius ri = 5.5 nm and various opening angles on vesicles with κ = 12 kBT : α = 0.16 and R = 20 nm (long dashed), α = 0.16 and R = 100 µm (short dashed), α = 0.64 and R = 20 nm (long-dashed dotted), α = 0.64 and R = 100 µm (short-dashed dotted), α = 0.82 and R = 20 nm (dotted), and α = 0.82 and R = 100 µm (double dashed).
C. Free energy per inclusion in fluid and crystalline phases
We construct the free energy per inclusion in the crystalline phase from the membrane bending energy and the fluctuation free energy of a harmonic crystal, and in the fluid phase from the sum of the membrane bending energy and the translational entropy of the inclusions [58] .
For the harmonic crystal, the spring constant k sp is obtained for a hexagonal lattice with the interaction potential in Eq. 11,
The free energy contribution of the positional fluctuations of the inclusions is therefore
or -after replacement of the thermal wavelength by the inclusion size -F
Whenever we use the free energy for the crystalline phase in this paper, the Lindemann parameter remains below the critical value for melting of the inclusion crystal [60] . The transition between the fluid and the crystalline phase already occurs below the crystallization transition i , for inclusions with ri = 5.5 nm, α = 0.82 in a membrane with κ = 12 kBT for several vesicle radii: R = 1 µm (solid), R = 100 nm (long-dashed), R = 50 nm (short-dashed), R = 30 nm (dotted), R = 20 nm (long dasheddotted), R = 15 nm (short dashed-dotted). For low densities, the inclusions are in a fluid phase and the free energy is given by the membrane bending energy plus the Carnahan-Starling excess free energy for the effective hard discs. For high densities, the inclusions are in a crystalline phase and the free energy is given by the membrane bending energy and the free energy of a harmonic crystal.
of the effective hard discs, σπr 2 hd ≈ 0.7. In Fig. 10 , the free energy per inclusion is plotted for several vesicle radii. Entropy reduces the optimal bud radius for a given inclusion density compared with Eq. (7) . However, the bending energy alone still provides a good estimate for the optimal bud radius, because of the strong increase of the free energy per inclusion for low inclusion densities (see Fig. 10 ).
D. Vesiculation diagrams
From the total free energy in Sec. III C, we calculate vesiculation diagrams starting with a single vesicle of radius R and a given number of inclusions for several values of κ. Because the topology changes when buds detach, the value ofκ plays an important role for vesiculation. Fig. 11 shows vesiculation diagrams forκ = 0 and forκ = −κ/2 (the ratioκ/κ is still under debate, see Ref. [61] ). We calculate whether the single vesicle is the most stable state or if fission in two or more smaller vesicles is favorable. With increasing initial vesicle radius and inclusion density, fission becomes more likely to occur -first into two, at even larger R or σ into three or more vesicles. Forκ = 0, fission in the bending-energy dominated regime produces two smaller vesicles that in general have different sizes, see Eq. (8) . If entropy is important, the two vesicles may have equal size. In Fig. 11 (a) , it is shown that a regime of equally-sized vesicles develops, bordering the three-vesicle regime and increasing in size with decreasing κ. Within the error bars of our calculation, we find that the boundaries between one, two, and three vesicles are independent of the value of the bending rigidity for 10 k B T ≤ κ ≤ 200k B T . Forκ = −κ/2, vesiculation takes place for smaller initial vesicle radii and inclusion densities than forκ = 0, because each additional vesicle lowers the free energy by 4πκ. In the entire two vesicle regime, both vesicles have different sizes for κ = 200 k B T , κ = 100 k B T , κ = 50 k B T , and κ = 30 k B T , while for κ = 10 k B T a small region of equally sized vesicles is found, see Fig. 11 (b) .
Note that for bud formation, which has to occur before vesiculation, the value ofκ is irrelevant and the phase diagrams forκ = 0 apply (assuming that the buds are connected by catenoidal necks with vanishing bending energy, and that the membrane area needed to form the neck is negligible). While the bud is being formed and has not yet detached, the integral over the Gaussian curvature and therefore the contribution of the saddle splay modulus to the deformation energy stays constant. However, a negative saddle splay modulus facilitates the neck between two vesicles to break. In this case, the budded state can act as energy barrier for vesiculation that prevents fission, separating a high-energy single-vesicle state and a low-energy state of several smaller vesicles. 
IV. BUDDING PATHWAY
To shed more light on the role of the budding pathway, we compare the typical diffusion time of the inclusions with the relaxation time of the membrane conformation on the same length scale. If the diffusion of inclusions is fast compared with the relaxation time of the membrane, the initial membrane shape is decisive; for a fast membrane relaxation, the initial distribution of inclusions mainly determines the budding process.
The diffusion time is t d = λ 2 /(4D) where λ is a characteristic length scale that the inclusion has diffused and D is the diffusion coefficient of the inclusion. A typical value is D = 1 µm 2 s −1 for the diffusion of lipids and the diffusion coefficient for proteins in cell membranes can be up to two orders of magnitude smaller [62] . The relaxation time of the membrane is t r = ηλ 3 /(2π 3 κ) [63] , where η = 1 mPa ≈ 2.4 10 −10 k B T s nm −3 is the viscosity of the surrounding water and λ is the wavelength of the membrane undulations. From the cubic versus the quadratic dependence on λ, we find that for small λ, t r < t d , while for large λ, t r > t d .
For κ = 10 k B T and D = 1 µm 2 s −1 (which is an upper bound for the diffusion coefficient of proteins), we find that t r = t d for λ ≈ 0.6 mm. This length is much larger than 10 µm, which is the size of cells [64] or giant unilamellar vesicles [65] , thus the initial aggregation of inclusions is diffusion-limited. We therefore assume that inhomogeneities in the protein distribution on the membrane will immediately lead to a membrane deformation that minimizes the bending energy. The larger the initial inclusion density, the larger the spontaneous curvature of the membrane (compare Eq. (7)) and the smaller the size of the buds that are formed.
Bud formation is initialized in some regions of the membrane that have a noticeably higher inclusion density than others. The relative protein density fluctuations decrease with the size of a membrane patch which is considered. If we assume a random distribution of inclusions, for a patch with N inclusions the relative fluctuations of the inclusion number are of the order of N −1/2 . Thus for small patches, the inhomogeneities are strongest and budding will preferably occur on the smallest possible lengthscale. A small average membrane curvature with appropriate sign further attracts proteins to those regions where the bending energy per inclusion is already reduced. However, this clustering of inclusions during the budding process is hindered by a ring with opposite membrane curvature that forms the neck of a growing bud. This ring acts as energetic barrier that prevents further inclusions to enter a patch of the membrane where budding has already started [66] . Because of the neck formation and the diffusion-limited budding process, the bud size is roughly determined by the initial inclusion density on the membrane.
V. COMPARISON WITH SIMULATION RESULTS
Budding due to membrane inclusions has been studied recently with computer simulations [36, 37] . In Ref. [37] , entire vesicles with inclusions are simulated where the membrane is modelled as a dynamically triangulated surface. In Ref. [36] , coarse-grained model lipids are used to Lines show bending energy (long-dashed), bending energy and inclusion entropy (short-dashed), saddle-splay energy (dotted), and total energy (solid). For comparison, we also plot the simulation data of Ref. [37] (symbols indicate different calculation methods [37] ), shifted by ∆F = −10.5 kBT (see main text). The deviation of the simulations and our theory for α > ∼ 0.4 might be due to the surface tension used in the simulation, which is not included in our model. study budding for planar bilayer patches.
In Fig. 12 , the different contributions to the free energy per inclusion needed to graft 10 inclusions with given projected radius ρ i = 2.5 nm on a vesicle with radius R = 15 nm are plotted as function of the opening angle, α. The inclusions are in the fluid phase. For comparison, we also plot the simulation data of Ref. [37] , shifted by ∆F = −10.5 k B T because our model does not account for thermal undulations of the membrane conformation. This energy difference is extracted from the simulation data for T = 300 K and for T = 3 K, see Fig. 6A in Ref. [37] . However, the very good match is somewhat fortuituous because we replace the thermal wavelength in the ideal gas free energy by the inclusion size, such that it is similar to the free energy obtained on a triangulated vesicle with a bond length that approximately equals to the inclusion diameter, compare [67] .
We consider curvature radii of the inclusions that are both smaller and larger than the curvature radius of the vesicle. For α → 0 and r i → ∞, such that ρ i = 2.5 nm, bending energy is needed to insert the flat inclusion into the curved vesicle. This bending energy cost decreases with increased opening angle α and is zero for α ≈ 0.17 where the curvature radius of the inclusion equals the curvature radius of the vesicle. If α is further increased, the bending energy per inclusion continues to decrease as more and more of the vesicle area consists of catenoidal patches around the inclusions. For α ≈ 1.18, i. e. for even larger opening angles than plotted in the figure, the inclusions have optimal density and the bending energy gained by grafting all 10 inclusions to the vesicle is 8πκ.
In addition to the bending energy, there is an energy cost Eκ for grafting that arises due to the saddlesplay modulus, which has been chosen to beκ = −κ = −20 k B T for consistency with Ref. [37] . The energy cost per inclusion only depends on the geodesic curvature of the membrane at the inclusion, i. e. on the opening angle α, which implies Eκ = −2πκ(1 − cos α). Therefore it is independent of vesicle radius and inclusion density and is only important to calculate the chemical potential for the inclusions on the surface; the budding transition at given inclusion density in the membrane is independent ofκ.
In the simulations presented in Ref. [36] , budding is induced by inclusions with r i = 5.5 nm that are initially placed in a regular array on a planar membrane with κ = 12 k B T . Under the assumption that the initial inclusion density, σ = 2 10 −3 nm −2 , determines the bud size (see Sec. IV), we can roughly predict the bud radius from Eq. (7). Possible bud radii are estimated by comparing the free energies for different vesicle radii in Fig. 10 at the initial inclusion density.
The parameters for which the free energies are plotted in Fig. 10 are chosen to match the bending rigidity and the inclusion geometry of the 'large inclusions' in Ref. [36] with α = 0.26 π [68] . For an initial inclusion density in the planar membrane, σ = 0.002 nm −2 ≈ 0.15 σπρ 2 i , which is estimated by visual inspection from the simulation snapshots, we find that the inclusions are in the crystalline phase on the vesicle with R = 1 µm (i. e. in a planar membrane). The free energy per inclusion is about 10 k B T . Significantly smaller free energies per inclusion can be found for vesicle radii 22 nm < ∼ R < ∼ 100 nm; the optimal vesicle radii are 30 nm < ∼ R < ∼ 60 nm with free energies per inclusion of about −1 k B T . These radii agree well with the observed bud radius of R = 30 nm that formes in the simulations as final state via an initially slightly larger bud. The optimal bud radius from Eq. (7) is approximately 37 nm.
Similarly, for the 'very large inclusions' in Ref. [36] (α = 0.39 π) we predict bud radii, 15 nm < ∼ R < ∼ 20 nm, as observed in the simulations; based on bending energy only we find from Eq. (7) R ≈ 11 nm. For the 'small inclusions' in Ref. [36] (α = 0.20 π) that are already in the planar membrane almost in the fluid phase, our model predicts for the 36 inclusions studied in the simulations a maximal gain for the free energy per inclusion of ≈ 1.5 k B T for R = 38 nm and a strong decrease of this energy gain for smaller vesicle radii. Already for R = 34 nm and 29 inclusions, the energy per inclusion on the bud and in the plane are approximately equal. Larger energy gains are possible for larger bud radii, for which many more than the simulated 36 inclusions and a larger area of the bilayer patch are needed. From these considerations, it is not surprising that no budding is observed for the 'small inclusions' in the simulations of Ref. [36] .
VI. CONCLUSIONS
We have calculated the membrane-mediated interaction of conical inclusions in a lipid bilayer and the inclusion entropy, which allow the prediction of budding transitions and vesiculation. Our model is based on the membrane bending energy; with this contribution alone, the spontaneous curvature of a bilayer with inclusions as well as budding can be predicted for many systems, ranging from protein inclusions to viral budding. Although the interaction between the inclusions by membrane deformation is repulsive, the screening of the repulsive interaction due to the average membrane curvature allows higher inclusion densities on a bud than in the initial vesicle. Translational entropy of the inclusions favors the formation of equally-sized daughter vesicles and lifts the degeneracy that is found for states with vanishing bending energy.
From our calculations, the following picture of the effect of the bilayer deformation by curved inclusions emerges. For low inclusion density, the membrane around each inclusion assumes a catenoid shape of vanishing curvature energy. At optimal inclusion density, the catenoids are closely packed and the bending energy for the entire vesicle vanishes. For high inclusion density, the boundary conditions for the membrane deformation around the inclusion do not allow the formation of catenoidal patches, and the inclusions always feel the membrane-mediated repulsive interaction with neighboring inclusions. In this regime, bud formation can occur.
If we assume a specific biological mechanism that leads to formation of clusters with well-defined and limited size, we find that such a mechanism can induce bud formation and vesiculation without the need to insert additional conical proteins into the cell membrane: cluster formation reduces the preferred curvature radius of the membrane. We quantify the effect of aggregation by the coagulation factor, which describes how the preferred curvature radius for a fixed amount of inclusions changes with the cluster size.
In general, our analytical model is applicable for a wide range of length scales and inclusion geometries. Computer simulations are usually designed only for a specific length scale, e. g. a length scale comparable to the length scale of lipids in Ref. [36] or the lengthscale of entire vesicles in Ref. [37] . The good agreement with the simulation results of Refs. [36, 37] suggests that the approximations used in our calculations are justified.
We argue that the undulation-induced attraction can be neglected compared with the deformation-induced repulsion and the translational entropy of the inclusions for κα 2 > ∼ 15 k B T /(2π), i. e. α > ∼ 0.35 for κ = 20 k B T . For example, the BAR protein induces a local membrane curvature with an opening angle α ≈ 0.4 [4] . Clathrin can induce a variety of opening angles [69, 70] .
The number of the inclusions per bud is determined by the budding process. Around a growing bud, a neck forms that presents an energetic barrier for the diffusion of inclusions. Because the deformation of the lipid membrane typically occurs much faster than the diffusion of the inclusions within the membrane, the number of inclusions per bud is well determined by the initial inclusion density in the membrane. From this, we can estimate a range of possible bud radii, which agrees well with the simulations in Ref. [36] .
It would be interesting to test the validity of our model in the limits of (a) very small inclusions, such as lipids with large headgroups, when the description of the lipid membrane by curvature elastic constants may not be appropriate and (b) very floppy membranes, when neglecting the thermal membrane undulations may not be justified.
